30

_!k___.

b

Fig. 10. Scintillation probe and gamma source assembly with the lead

shieldings.

T = half life

€ = void fraction
A = wave length
g = time

3 = summation
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lon Exchange Kinetics for Systems of

Linear Equilibrium Relationships

CHI TIEN ond GEORGE THODOS

The Technological Institute, Northwestern University, Evanston, lllinois

The mathemotical equations describing the kinetic behavior of ion exchonge processes have
been solved analytically for systems having linear equilibrium relationships of the type ¢* =
K. 4+ KC*. The concentration ratios of the effluent to the influent solution for these cases are
found to depend on parameters involving time, position, and relative resistances of the liquid and
resin phases. Numerical results have been obtained and are presented in tabular and graphical
forms. Furthermore expressions for the constant pattern breakthrough curve for two special

cases have also been worked out.

The mathematical equations describ-
ing the kinetic behavior of an ion ex-
change process with the rate-control-
ling mechanism represented by a com-
bination of resistances for both the
liquid and resin phases have been
presented elsewhere (5, 6). These ex-
pressions consist of the equation of
continuity, the rate of transfer, the
equations describing the concentrations

Chi Tien is at Essex College, Assumption Uni-
versity of Windsor, Windsor, Ontario, Canada.
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of the resin phase, and the relationship
of surface concentrations:

aC éq
?'f‘ P 0 (1)
g" —k(C—C) (2

3 : Y
g6, =35J a6 ndr (30)
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ql (f’ T) el qi (b, f: T)
‘]c (1‘, f9 T) =

Saen
nd

(3b)

9
ar

H(r,~—A)dx (3c)

a

9. = f(C.) (4)

where

é

£=—Pz, r=t——2
u
H(T,T) =1-—

e
2“2—(_—“—@_1)(1;)T 'sin%;r—r

1)"

b
and the following initial and boundary
conditions exist:
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for£=0,r<0

C.at £=0,r=0

IR
coo
\—V"—J

T

C

Equilibrium is assumed to exist at
the interface, and consequently Equa-
tion (4) represents the equilibrium
relationship of the system. It is obvious
that the solution corresponding to this
set of equations is dependent on the
specific form of the equilibrium rela-
tionship.

Ton exchange equilibrium has been
studied for many years, numerous the-
ories having been proposed to corre-
late the experimental results. The vari-
ous attempts to solve this problem fall
essentially into two categories, one as-
suming a process of adsorption and the
other applying the law of mass action.
Most of the rigorous approaches re-
quire a knowledge of the true mechan-
ism involved in the ion exchange pro-
cess.Unfortunately, for most cases this
information is not available. Further-
more the equilibrium relationship for-
mulated on such a basis usually com-
plicates the mathematical equations
and gives additional difficulties to the
solution of the problem. For this reason
a simple empirical equation based
directly on experimental data over a
restricted concentration range prob-
ably would best serve this purpose.

A literature survey on ion exchange
equilibrium indicates that if the equi-
librium concentration in the resin phase
is plotted against that of the liquid
phase, several types of relationships
result, as presented in Figure 1.

A simple linear relationship passing
through the origin can be used to re-
present curve I. A nonlinear relation-
ship of the Freundlich type is repre-
sented by curve II. Curve III can be
approximated by a straight line having
an intercept on the abscissa. For curve
IV the equilibrium concentration in
the resin phase increases very rapidly
to a certain value and then becomes
essentially constant. This relationship
is too difficult to fit into a simple
equation. However if the concentra-
tion range of the initial part of the
curve is small, this can be neglected,
thus making the concentration in
the resin phase constant and inde-
pendent of the liquid composition. The
following expressions can approximate
the various cases discussed:

q* =K.+ K. C* (5)

(6)

and
quw — A(Cu)a

Equation (3) represents the most
general linear form and can be used
with curves I, III, and IV; Equation
(8) approximates curve II. This latter
case is not discussed further inasmuch
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as it has been presented in detail else-
where (5).

Numerical solutions of Equations
(1), (2), (3a, b, ¢) with Equation (4)
represented by Equation (5) with
K, = 0, have aiready been presented in
the literature (4). It is the object of
this investigation to seek the solution
when the equilibrium relationship is
represented by Equation (5).

SOLUTION FOR GENERAL
LINEAR CASE

When one substitutes Equation (5)

A
v

q Concentration in Resin Phase
-

C*, Concentration in Liquid Phase

. : Fig. 1. Graphical tation of typical
into Equation (3¢) and carries out the recs’uillcil‘:riurl;:3 ‘:;T::i‘:x:s!l:i’:s. o
subsequent integration, the expression
g«(r, £, 7) thus obtained is substituted
into Equation (3a) to give
6K —D(;)ZT
1 €
W =K== 3 (=7 + cl6s) = B — (19
b where
6DK, < {7 *D(;y r-n
Rt Y JEATHNE dr M)
Differentiating Equation (7) with re- [—BDKS:I . (8)
spect to = and combining the resultant (s) = b 18
expression with Equations (1) and (2) $:(s) = 1 6DK, (13)
follows: 1+ A é:(s)
1
YR
aC aq 6DK, b
_— = — e -
a¢ ar b’ g
6 —D :l: )2(1'—)\)
DK, . {"T oC 1 &C b
: .__Ef[__.s_._ ]e - d\ (8)
b* Y.L s k, 9¢ax

The solution of Equation (8) is ob-
tained through the use of Laplace
transforms (1). The transform of Equa-
tion (8) is found to be

For the boundary condition of Equa-
tion (12)

@

] 6DK, 1 6DK; sc(€,s)
6 ==~ 2 nm\ b E (nw)
s+D —E ) s+D _b‘
» 1 s d ﬂGDKz[_ K. _ __ii ]
2];,—‘—?77_)73? C(E,S) ] _bT-_' SKz C(f,S) kl af 0(5,8) ¢1(S)
= stDy (9)
h
where ) ) c(&s) =—1—at§=0
é:(s) = 2——————— (10) C, 5
. D(Ti) C. K,
% B=— [1 +— ]
By rearrangement one obtains s S&e
0 b 1 ] K,
— —_— i — ) = ——— 11
afc(f,S) [ DK () K + c(é.9) K (11)

The solution of this first-order linear
differential equation can easily be
found to be
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Therefore Equation (12) becomes
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TaBLE 1. NuMERicaL VaLues oF C/C, REsuLTING FROM EqQuaTioN (15)*

C K [ 1 K. ] ( N
c.= ko, +V1+ XC. @(~E, o, N)
for N = 0and = 0.10
yi=1 NE=2 NE=5 E=10 ~E=20 yE=40
0T C/C. ot c/C, ot c/C, ot C/C, oT C/C, o1 c/C,

0.5 — 0.4 — 1.75 — 40 — 1.00 — 2000 —
035 0.172 0.8 0.105 250 0111 50 0056 1168 0.006 2320 0.001
045 0306 1.0 0261 300 0336 60 0261 1268 0302 2520 0.230
0.57 0452 124 0453 325 0456 6.6 0460 13.34 0.472 26.68 0.465
0.70 0584 140 0568 3530 0569 7.0 0688 14.00 0.621 28.00 0.771
080 0771 180 0783 450 0875 8.0 0.826 15.00 0797 30.00 0.880
150 0946 3.00 0985 6.00 0990 9.0 0944 17.00 0963 34.00 0.993

@ Numerical values of (7§, 67, N) are taken

C(f,s)_ =[ 1+ K, ] e-"z(”é_.ﬁl__
Ca K2Co SKg

(14)

The inverse transform, obtained

through the use of the inversion in-
tegral formula, is given as

a+im

Kl —]; 'Tds
Tl KC s T

e+ie
1 f [
27”. a+ia

i

Cler) 1
C.,

K,] 1
1 — - ~¢, 838+ 8T ds —
KA s ¢

1

K.C,

]CD ('YE)O'T’N)
(15)

K.C,
1 ’_]_-_‘e>¢g('7§+¢‘r d-S‘

2ﬂ’i a+ie S
(16)

It is obvious that ®(y£,0r,N) be-
comes the same as C/C, when K,
vanishes, a situation corresponding to
the equilibrium case I. This case rep-
resented by Equation (16) has been
solved by Rosen (3, 4). The numerical
values of @, as given by Rosen, are de-
pendent on three dimensionless groups,
namely £, or, and N. In view of these
conditions, the expression C/C, de-
fined by Equation (15) is a function of
the parameters K,/K.C,, y¢, or, and N.
Numerical values for C/C, correspond-
ing to a special case when N=0 and
K./K.C,=0 are presented in Table 1
and Figure 2.

@ ('yf,o’T,N) =

CASE OF CONSTANT
SURFACE CONCENTRATION

For the special case where K,=0
Equation (5) reduces to q*=K.. This
case corresponds to a situation where
the surface concentration of the resin
particles is kept constant. Analytical
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from Rosen’s work (4).

solutions for this special case can be
obtained as follows. Referring to Equa-
tion (9) one gets

9 6DK, o 1
g O =T 2 (=)
s+D\ —
b

(17)

The solution of Equation (17) is
clés) =

6DK, < 1
52y

“stn(27)

— ¢ + constant

(18)

When one applies the boundary con-
dition, c¢(¢,8)/C, 1/s at ¢ = 0,
Equation (18) becomes

c(és) =

6DK, < 1
s g (mr 24
S+D -—b-)

The inverse transform gives

C(ém).
Co

+2 (19)
s

=1—
()

6DK, _ &
ot

n=y

(20)

The numerical values of C/C, as
given by Equation (20) depend on
two parameters, (6DK.)/(C.,b%)¢ and
Dr/b*. The first parameter can be con-
sidered to be the product of ¢ and
K./K.C,, while the second parameter
is equal to or/2. For this case the ab-
sence of N can be accounted for, since
the surface concentration of the resin

A.LCh.E. Journal

phase is constant. Numerical values of
C/C., as expressed by Equation (20)
have been computed (6) and are pre-
sented in Figure 3.

It can easily be shown that C/C, as
expressed by Equations (15) and (20)
could become negative. This corre-
sponds to a physical situation that is
impossible. A rationalization for this
case is given as follows.

The general linear relationship used
for the solutions indicates that there is
a definite concentration on the solid
surface, even though the liquid phase is
free of solute. This condition requires
a transfer of material from the liquid
phase into the resin phase as long as
the resin particles remain unsaturated.
Under the restriction of the material
balance a transfer of solute from a
solute-free solution would give the
solution a negative concentration, a
situation which is physically impos-
sible, The breakthrough time as pre-
dicted with Equations (15) and (20)
will be less than the actual case be-
cause the resin becomes hypothetically
saturated at an earlier time. This ef-
fect will become more pronounced with
increasing bed height. For this reason
a different approach is employed to
derive the expressions necessary to pre-
dict the breakthrough curve for cases
of high values of ¥¢.

CONSTANT PATTERN
BREAKTHROUGH CURVE

It has been shown experimentally
that for certain instances the break-
through curve approaches a constant
pattern as the height of the bed in-
creases. This behavior is commonly
experienced for systems possessing an
equilibrium relationship of the type
represented by curve IV. When this
condition is established, the break-
through curve retains a definite shape
on a linear plot, subject only to a con-
stant displacement in total elapsed
time which is proportional to the bed
height. From the material balance one

has
Y C}
——ldt—
C"”j.:[l C.

zd C,= (ZP) g maz (2‘1)

The left-hand side of Equation (21)
represents the material transferred
from the solution; while the right-hand
side gives the ultimate capacity of the
column.

By rearranging Equation (21) and
utilizing the conditions that (C/C,), ~
0 for t < t, one obtains

@ C]
—_— | dt =
Jl-z
S Py
qmaz tb uz

uC,
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j-m c 2p 008, 7 3 4 5 6 7 8910
:,,[ I— E] dr ~uC, Qmaz — T Db—’f'r, Time Modulus
and
q o cC Fig. 3. Concentration ratio C/C, for the case of constant
= C":‘“’ £ __J‘Tb[ 1— _C_] dr (22) concentration at the surface (g* = K.).

’ ’ 3(q/qmaz) Equations (31) and (32) completely
Equation (22) provides a relationship B define the constant-pattern break-
between the breakthrough curve and through curve for the case where the
the breakthrough time from the con- C, d(C/C,) a(C/C surface concentration is constant. This
sideration of a material balance. - q 9E ar (28)  solution agrees with that obtained by

It can be shown that for constant
values of C/C, a plot of t vs. z will
yield a straight line, and the slope
[0t/8Z]cc, is the same for all values

of C/C,, or
(at) _(E)t _(Gtu
9z c 0Z c 8z
—~ —o
Co
(23)

By transformation Equation (23)

becomes
( ar )__ ( s )
ot/ \ g¢
The value of dt./9¢ is evaluated

by differentiating Equation (22) to
give

(24)

07 or
3¢ a¢

When the constant-pattern condition
is established,

(25)

_ Gre=
Co

8(CsGC,) 8{(C/C.)
agf——-df 4 ——(;;—‘—-d'r =0 (26)
which becomes
a(C/C,) B a(C/C,) dr _
¢ or d¢
_ Gmas 3a(C/C.) @n
C, or

Also from Equation (1)
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Equation (27) gives the obvious con-
clusion that
C
i _ (29)
Gmez  Co

for the constant-pattern period.

CONSTANT PATTERN, CONSTANT
SURFACE CONCENTRATION, ALL
RESISTANCES IN SOLID PHASE

When, the transformation x = —r,
for the constant-pattern period is intro-
duced, Equation (7) becomes

nr \2
o(5) x
b

> €

St

A=l

6K,
q (f:x) = Kl - o

6DK, = (% (7 Y ew
b 2 f C.(éM)e e dx
(30)
9_9 _¢_
K] qmaz Cﬂ
. (D)
12 f "
T n

n=1

Substituting Equation (31) into Equa-
tion (22), one obtains the expression

for The
2

b
C, d 15D

qmaz

Te —

(32)
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Vermeulen (7) for a similar case.

CONSTANT PATTERN, GENERAL
CASE, ALL RESISTANCES IN
SOLID PHASE

For the general case where q, =
K, + K.C,, the following expression is
obtained by a combination of Equation
(7) and Equation (2) and the utiliza-
tion of the conditions postulated by
Equation (29), as well as the defini-
tion of x:

qma:e ‘ﬂ' n=1 n
nar \2
6DK2L,f" o P\ Y
—_— A e b d\
qumaz ° f( ) %

6DK2fx6f(x) > —D(;Y‘X*%
) Ee

(33)

The solution of Equation (33) is ob-
tained by successive approximations
(2) as used for the solution of the
second integral equation. This is
accomplished by the following pro-
cedure. When one assumes an arbitrary
function f,(x)
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nw \2

K, 6 ° ehD > * 6DK,C x » —D gl x—N
poo=—=|1-—3L " |, e S a3 e
6DK. (* of,(n) =, —b( =) -

" bk, f an Ze b a\
T ")

g ® b d X @ —D\ —} (x—\)
fz(x)=;m‘-[l—;; ° g ]+ ZSIKZLOJ‘ fi(x) 126 v dx
6DK, (™ af;()x) ® —D j)zu—x)
bk, f ax 26 ’ N

nx \2
B K,[ 6 c \T X]L6DK2C, f : —D("T")g x-»
f»(x)———: 1-‘?2 = At faa(d) ge dx

n=i

_ 8DK, f fas(X)

bk, ¥o oA

if it is assumed that

lim fu(x) = f(x)

n— w

(34)

It is apparent that this procedure be-
comes tedious; however for the special
case where diffusion in the resin phase
is dominant, N — 0, the second inte-
gral of Equation (388) vanishes, and
under these conditions the approximate
expression for f(x) is found to be

" \2
@ —D(_.) (x—N\)

Ee b dx

n=1

of the breakthrough curve for systems
having linear equilibrium relationships.
For small values of y¢ Equations (14)
and (20) apply. For larger values the
equations for the constant-pattern
breakthrough curve would give better
results should such a curve exist.

NOTATION
b =

radius of particle, cm.

2 6KoL,
-D__ ['nﬁ — X
C 6 > e b2 #*Qmar
—_—~]—-— S 35
C. - 2 (35)
Furthermore the expression for 7, is
ma2 6b2 h l
S LSS (36)
Co D7r n=1 6K2C
n”[ n’— - > ]
ko qmaa

Similar to the previous case, Equa-
tions (36) and (38) predict the break-
through curve for the general case
when diffusion in the resin phase con-
trols.

The infinite series of Equation (36)
can be obtained by the following ex-
pression:

© 1
2 [ . 6K.L,
n=1 n — 3
m qmuz
where ¢ = (6K.C.)/(#*Gms). The

sum of the series 3 (1/n°"), where r is
a positive integer, is presented in Table

. The developments of this investiga-
tion make possible the establishment
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c = Laplace transform of C
= concentration of sclution,
meq./cc.
C, = concentration of influent solu-
tion, meq./cc.
C, = concentration of solution at

surface, meq./cc.

] :i;l?‘w’ i;lla—-i-a‘ mzzlsﬁa“ E’i‘+ (87)

D = diffusion coefficient in resin
phase, sq. cm./sec.

mass transfer coefficient for
liquid film, meq./(sec.)(g.
of dry resin) (meq./cc.)

K, K, = constants for Equation (5)

k=
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TABLE 2. NUMERICAL VALUES OF THE

®
INFINITE SERIES, 2 —
2r

nxy

o 1 2¢ nf o 1 2 691
e e —— e e 22
ﬂz:l; n* T 3 gn” 13! 105
'N = (3DK.)/ (b%k:)
q = average concentration in

resin, meq./g. of dry resin

G = point concentration in resin,
meq./g. of dry resin

Qms: = concentration in resin phase
in equilibrium with influent
solution, meq./g. of dry
resin

q. = concentration on resin sur-
face, meq./g. of dry resin

t = time, sec.

t, = breakthrough time, sec.

u = superficial velocity, cm./sec.

z = bed height, em.

Greek Letters

(3DK,)/(b?*)

(6DK)/(C,b*)

(pz)/u

bulk density of resin, g. of
dry resin/cc.

(2D)/ (%)

t— (¢z)/u

t,— (¢z)/u

porosity

T— Ty

o

© e ¥

I T T

X2 Qg
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